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Introduction

HE computational problem of eigenvector derivatives cor-

responding to repeated eigenvalues has not been treated
adequately in the past, whereas several techniques are avail-
able for distinct eigenvalues.! The main difficulty appears to
be the nonuniqueness of eigenvectors for repeated eigenval-
ues. For symmetric eigenvalue problems, a method? has been
proposed for computing the eigenvector derivatives of re-
peated eigenvalues. A computational method has been pro-
posed? recently for general nondefective matrices, although
the results ‘are inconclusive.

In this Note, explicit formula for the first-order eigenvector
derivative corresponding to the eigenvector of -a repeated
eigenvalue is derived for the non-self-adjoint eigenvalue prob-
lem. The method applies to the class of nondefective problems
whose first éigenvalue derivatives of the repeated eigenvalues
are distinct. A singular value decomposition (SVD)* approach
is used to compute four required bases for eigenspaces, and to
keep track of the dimensions of state variables and the
conditioning of the state equations.

Computation of Bases for Eigenspaces
Consider the nth order eigenvalue problem

A —-N\Dx;=0 1)

where A is assumed nondefective. Define the followmg
notations

AIéA - XI'I, riérank(Ai), Vién _ri; l= 1,...,N

where N is the number of distinct eigenvalues and »; the
dimension of the null space of A; or, equivalently, the number
of linearly independent eigenvectors associated with \;. Thus,
for a simple eigenvalue, »; = 1.
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Although any linear combination of the multiple eigenvec-
tors is an eigenvector, let (x, x,..., x%?} be some choice of
right eigenvectors corresponding to')\,. Con51der the SVD of

i

S AR

I

where L; = diagloy,...,0,.1, [[;U;], and [¥;V;] denote the non-
Zero smgular values, left and rlght singular vectors, respec-
tively. The superscript H represents Hermitian transpose. The
following relations hold:

U =ViVi=0, U70, =Vi'V,=1,, UfU= V]V, =1,
. 1 I
1<v;<n 3)

The (n X »;) matrix V' is an orthonormal basis for the right
eigenvectors so that the kth eigenvector corresponding to the
ith eigenvalue can be expressed as

=V k=1, @)

of® denotes the K'th eigenvector coefficients (or coordinates in
V; bases) corresponding to the ith eigenvalue. The SVD in Eq.
(2) also provides a basis U; for left eigenvectors. The
superscript * means the complex conjugate. Furthermore, the
SVD provides the bases for the right and left complimentary
spaces that are required in the sequel.

Computation of Eigenvalue Sensitivity
To compute eigenvalue derivatives (needed to compute
eigenvector derivatives), let us take the derivative of the
eigenvalue problem

AxP =0 )
to obtain
AP = — 4,50 = ULV " ©)
where
AR = A —\PT )

Premultiplying Eq. (6) by the hermitian transpose of left
singular matrix, with the aid of Eq. (3) produces

~H =
. pAZAN
[ull{]A'(k)xi(k) - [ ’0 ]x,»(") ®

i

Using the expansion of Eq. (4), the last V; equations in Eq. (8)
can be rewritten as

WAV} of =NOU Va0 ©

The original form of Eq. (9) has been derived in Ref. 5. In Eq.
©9), \¥ and o/’ are the unknowns, and hence a subelgenvalue
problem of order »; is defined. The eigenvalue derivative A{¥’
is associated with a specific eigenvector.

For the case of distinct eigenvalue derivatives, there exists a
unique set of », linearly independent vectors {af”, .} that
are determined to a scaling factor, depending on the normal-
ization of corresponding eigenvectors in Eq. (4). Henceforth,
the case of repeated eigenvalues with repeated first eigenvalue
derivatives is excluded. It is important to note that Eq. (9)
always produces »; eigenvalue derivatives corresponding to the
v, repeated eigenvalues, independent of the choice of eigenvec-
tors. For simple eigenvalues, i.e., »; = 1, Eq. (9) reduces to the
familiar scalar equation!

A =Ufay, (10)
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and oV is simply the scaling factor for the ith eigenvector.
The corresponding left eigenvectors for the ith multiple
eigenvalue can be expressed as

Y;=U; [BP,....87] an

With the right eigenvectors of the ith multiple eigenvalue
computed and normalized, the corresponding left eigenvectors
can be chosen to satisfy the biorthogonality condition

Y/X,=1, 12)
if the expansion coefficients of Eq. (11) are computed as
B = @)~ (Uf'v) ! (13)

where o; 8 [ofV,...,0/"?] and ;4 [B,...,8{""]. Note that 8{
is simply the left eigenvector for the subeigenvalue problem

LAY = NSO,

Computation of Eigenvector Derivatives

Let the eigenvector derivative be expanded using the ortho-
normal right singular vectors

SRR AT ALY g=1,..5 (14)

The two terms in Eq. (14) represent the out-of-plane and
in-plane components, respectively. Clearly, the above termi-
nology is motivated by the fact that ¥; spans the eigenvector
space corresponding to the ith multiple eigenvalue. The above
expression requires the calculatron of the (r; X 1) vector ‘Y (k)
and the (y; X 1) vector ¥{¥.

First, cons1der the computation of the out-of-plane compo-
nent, ‘Y . For the special case when the mu1t1p11c1ty iy
equals the order of the system n, r; =0 and 'Y ) does not
exist. If r,= 1, the following derivations to compute y
apply. Substltutrng Eqgs. (4) and (14) into Eq. (8) gives

UFAPV,aP = -U P (15)

Equation (15) represents r; linearly independent equations and
thus produces

Y0 = —LTOFALO Ve (16)

Note that, after the eigenvector x,-“‘) is normalized, the out-of-
plane component of the eigenvector derivative is completely
determined.

To compute the in-plane component ¥, consider the
second derivative of the eigenvalue [Eq. (5)]

Ai(k)x,-(k) + 2A,(k)jcl(k) = ——A,-x,-(k) = - U,E,"V,Hx,(k) (17)

Premultiplying Eq. (17) by the Hermitian transpose of left
singular matrix and using Egs. (4), (14), and (16), result in

. 1 - 05— 1570 H
[WFARVI® = —SUMAP 240787 TFAP Vel
(18)

From the assumption of distinct eigenvalue derivatives, Eq.
(18) represents »; linear equations that are underdetermmed by
exactly one rank Clearly, the unique value of ’Y k) is deter-
mined from the requirement for the consistent normalization
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of eigenvectors, i.e.,

0T = oOTVIV A + oOTVV, AP =0 a9)

For nonrepeated eigenvalues, the in-plane component be-
comes a scaling factor which must satisfy Eq. (19) only; Eq.
(18) is not needed.

The second derivative of eigenvalue is required in Eq. (18).
To compute the second derivative, premultlply Eq. (17) by the
corresponding left eigenvector y,(

T =KD+ 2T T+ Vi1 =0,
0

Now take the derivative of the kth multiple left eigenvalue

problem and post multiply the result by the gth right multiple

eigenvector
HOTA 0 =

—yOTABXD =0; kg=1,..n, (1)

which gives the vector equation, with the aid of Eq. (4)
yOTAO Vi =0 - 22)

where o; is defined in Eq. (13). Since «; is nonsingular, Eq.
(22) implies that

yOTAPV, =0 @3)
Using Eq. (23), Eq. (20) yields
KO =y ®TAV,® + OTAGTAP 04

Concluding Remarks

The choice of bases obtained via singular value decomposi-
tion is clearly nonunique. All previous equations still hold for
any set of bases spanning the eigenspaces corresponding to the
repeated eigenvalue, provided the complementary bases are
chosen to be orthogonal to the eigenspaces. However, if a
complete set of bases corresponding to a multiple eigenvalue
or even its order of multiplicity is unavailable or uncertain, the
singular value decomposition procedure outlined in this report
is strongly recommended for computing the four bases
required for eigenvector derivatives for the multiple eigen-
value. As mentioned in Klema and Laub,* . . . since SVD is
the only generally reliable way of calculating rank it follows
that it is the only generally reliable way of calculating bases for
these subspaces.’”” Further work is needed to extend the
computational algorithm to include the case of repeated
eigenvalue derivatives.
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